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We know how to discretize PDEs, but can we solve them
fast?

The goal is to obtain a fast preconditioner for Spectral Galerkin
ellipic solvers.

I Applications to steady state problems, eigenmode
computation, and implicit time stepping.

I Arbitrary geometries, curved quadrilateral elements.

I High polynomial order (thousands of gridpoints per element,
matrix sizes of millions).
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Benchmark problem: Newtonian star binary.

I Poisson equation in axisymmetry for the gravitational
potential.

I Localized mass density.

I Solution has discontinuous derivatives at the stars’ surfaces,
single domain methods fail.

I We require a grid that captures the geometry of the problem.
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Newtonian star binary, axisymmetric 2D mesh.



We turn the PDE into an algebraic system of equations.

−∇2u(x , y) = f (x , y),

with boundary conditions αu + β ∂u
∂n = g on ∂Ω.

Au = f .

We make use of a preconditioned iterative solver: approximate A
to something that is easier to invert.
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The computational domain has regular structure.



We can exploit two degrees of separability.

I Separate dimensions. Algebraic problems can be solved
through separation of variables.

I Separate elements. Decouple subdomains by first solving for
the values at the interface uΓ.
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We get the following recipe:

1. Separate dimensions. For each element, approximate the
differential operator with one that can be inverted by
separation of variables (Nearest Kronecker Product).

2. Separate elements. Solve first for the interface DoFs (Schur
Complement), and then solve for the interior DoFs in parallel.

3. Rinse and repeat. Feed this approximation to your favorite
iterative solver (Conjugate Gradients, GMRES, etc.).
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Iteration count is independent of problem size.



Results

I Explicit computation of the Schur complement of the nearest
Kronecker product approximation in O(En3) (En2 grid points).

I Trivial E -fold parallelization.

I The preconditioned iterative solver achieves machine precision
relative residual.

I The iteration count does not scale with the number of
elements or polynomial order, it only depends on the equation
and the geometry of the domain.

I Without preconditioning scaling would have been superlinear.
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Conclusions

I The method presented exploits separability in dimensions and
elements.

I Explicit computation of the Schur complement of the nearest
Kronecker product approximation in O(En3) (En2 gridpoints).

I The preconditioned iterative solver achieves machine precision
relative residual.

I Iteration count does not scale with problem size.
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Future work

I Generalization to 3D.

I Large-scale (HPC) parallel implementation.

I Applications to implicit time-stepping.

I Extension to nonlinear problems (Homotopy Analysis
Method).
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